This work is intended to investigate the de Sitter metric and to give another description of the hyperbolical embedding standard formalism of the de Sitter space-time in a pseudoeuclidean space-time E 4,1 . Classical results in this mathematical formulation are reviewed in a more general setting together with the isometry group associated to the de Sitter space-time. It is known that, out of the Friedmann models that describe our universe, the Minkowski, de Sitter and anti-de Sitter space-times are the unique maximally isotropic ones, so they admit a maximal number of conservation laws and also a maximal number of Killing vectors. We introduce and discuss the well-known embedding of a 4-sphere and a 4-hyperboloid on E 4,1 , reviewing the usual formalism of spherical embedding and the way how it can retrieve the Robertson-Walker metric. With the choice of the de Sitter metric static frame, we write the so-called reduced model in suitable coordinates. We assume the existence of projective coordinates, since de Sitter space-time is orientable. From these coordinates, obtained by doing a stereographic projection of the (Wick-rotated) de Sitter 4-hemisphere, we consider the Beltrami geodesic representation, which gives a more general formulation of the seminal full model described by Schrödinger, concerning the geometry and topology of de Sitter space-time. Our formalism retrieves the classical one if we consider the linear metric terms over the de Sitter splitting on Minkowski space-time. From the covariant derivatives we find the acceleration of moving particles and review the Killing vectors and the isometry group generators associated to de the Sitter space-time.
Introduction
Today it is of great interest to know about the isometry groups of a given universe model and it becomes natural to ask whether some models admit the energy conservation law. We restrict our attention to de Sitter (dS) and anti-de Sitter (AdS) space-times, which are respectively solutions of Einstein equations with cosmological constant Λ = ±3/R 2 (R > 0) and curvature given by the Ricci tensor R µν = Λg µν . These manifolds have shown themselves suitable as geometric arenas to describe conformal field theories. Since de Sitter groups are the maximally inner ones contained in the conformal group, we can formulate many physical theories using dS and AdS space-times. The maximally compact subgroup of SO (3, 2) , the symmetry group of the dS 3,2 space-time, is SO(3)×SO (2) , which is two-fold covered by SU(2)×U (1) . It can therefore be used as an alternative formalism to describe the Glashow-Weinberg-Salam model of electroweak interactions, since SU(2)×U(1) labels the isospin and weak hypercharge quantum numbers. The group SO(3,2) is also a dynamical group associated to the Zitterbewegung [1] . dS and AdS space-times also allow exact solutions of the field equations and the symmetry group SO(4,1) helps to classify physical states according to physically meaningful quantum numbers [2, 3] .
The dS space-time is algebraically described by a 4-hyperboloid with the topology S 3 × R. If we perform a Wick rotation on time coordinate, we can consider dS a 4-sphere and it is possible, using the methods of projective geometry [4] , to describe dS space-time in terms of Minkowski orthogonal coordinates, which is desirable in the local formulation of physical theories.
This article is organized as follows: in section one we present and discuss the main differences between the spherical and hyperbolical embedding in a pseudoeuclidean space, retrieving the Robertson-Walker metric by the introduction of an appropriate expansion parameter. In section two we review some of the standard facts about the model described by Schrödinger [6] and we give a brief exposition of the de Sitter metric by using the static frame. In section three, after performing a Wick rotation in time coordinate, we describe dS space-time as a 4-sphere and we obtain the Beltrami representation, which gives an useful way to describe embedded projective coordinates as the usual orthogonal coordinates on Minkowski space-time. We generalize the de Sitter metric, which is retrieved if we consider the linear metric tensor components on Minkowski space-time. In section four, after writing the metric of dS 4,1 we calculate the Christoffel symbols and subsequently, the covariant derivative and the acceleration of a moving particle. We also obtain the Killing vectors from the Killing equations and we obtain the generators of the isometry group of dS 4,1 .
Spherical and hyperbolical embedding
In this section we provide a brief exposition of the Robertson-Walker metric and the hyperbolic embedded coordinates.
The Robertson Walker metric
A 4-sphere has positive curvature and it satisfies the equation
where ξ A (A = 0, 1, 2, 3, 4) are cartesian coordinates in pseudoeuclidean E 4,1 space and R is the 4-sphere radius. Then
where r = (ξ 1 , ξ 2 , ξ 3 , ξ 4 ) and r 2 = r · r. On the 4-sphere surface, we have for the square of the line element
where dΩ is the line element on the 3-sphere. If we put the time-dependent expansion parameter a(t), we have the Robertson-Walker metric, written in polar coordinates, given by
where k = 1/R 2 . If we parameterize the 3-sphere using polar coordinates
. Assuming the map [5] sin ζdr = rdζ to be satisfied, we reach cos ζ = (1 − kr 2 )(1 + kr 2 ) −1 . If we compare it with eq.(3) we conclude that this line element indeed characterizes a spherical manifold.
The hyperbolical embedding
A 4-hyperboloid has negative curvature and it can be used to describe de Sitter (dS 4,1 , dS 3,2 ) or anti-de Sitter (AdS 1,4 , AdS 2,3 ) space-times, according to the chosen metric signature. We choose to treat the (4,1)-signature case. It satisfies the equation [7] 
from which we immediately obtain
On the 4-hyperboloid surface we have, for the square of the line element,
where dΩ 2 is the line element on the 3-hyperboloid.
The classical model
Schrödinger have described [6] the reduced model obtained by doing the cross section ξ 3 = ξ 4 = 0. The E 4,1 space becomes a pseudoeuclidean (2+1)-space endowed with Minkowski metric (ds 2 = dξ 
If we use pseudospherical coordinates in order to parameterize ξ 0 , ξ 1 , ξ 2
we obtain a map which is nowhere singular and it satisfies eq.(7). The line element is given by
We observe that the new time t varies less rapidly than ξ 0 . In order to recover the full model given by eq.(6), Schrödinger modified eqs. (8) by two more polar angles, (θ, φ) and then the terms
are used to enlarge the metric given implicitly by eq.(9). Besides, instead of choosing χ as above, if we impose the relation sin χ = ξ 1 /R, we can define another map as follows:
It reachs another set of pseudopolar angles (χ, t) on the 2-hyperboloid. The line element relative to this parameterization is
If we want to retrieve the full model again, eq.(6), we make the metric enlargement given by eq.(10). This is the so-called static frame of the de Sitter metric. In a more familiar form, we introduce the coordinates (ρ, η) parameterizing the reduced dS space-time as
which gives
Formally the de Sitter dS 4,1 space-time is given algebraically by the S 3 × R topology of a 4-hyperboloid ξ
and it can be viewed as a 4-sphere
if we make a Wick rotation on the ξ 0 coordinate: ξ 0 → iξ 0 , where i is the imaginary complex unit. If we parameterize the inferior hemisphere of the Wick-rotated 4-sphere using the coordinates (t, ρ, θ, φ) as
where −∞ < t < ∞, 0 < ρ < R, 0 < θ < π and 0 < φ < 2π, we obtain the (full model) same metric given by eq.(12)
We want to generalize the metric given by eq.(12) using embedded projective coordinates, doing a stereographic projection of the 4-sphere on the Minkowski space-time, which can be treated as a tangent space through the 4-sphere South pole. This map is the so-called Beltrami (or geodesic) representation [8] . To see how to pass from the (4+1)-dimensional formulation to the (3+1)-dimensional orthogonal coordinates (x 0 , x 1 , x 2 , x 3 ) on the Minkowski space-time we consider the Beltrami representation, which gives the relation [7] 
Introducing the notation
and using eq. (13) we have
By implicit differentiation we have
Using the above expressions we obtain for the square of the line element,
We see that this line element is clearly similar to the one given by eq.(12) (or by eq. (16)), if we make the substitution σ → iρ, obtaining
Using eq.(17) we can write
As can be seen directly, this expression retrieves the Schrödinger description of the static frame of de Sitter metric, eq.(12), or more generally, eq.(16), if we consider the linear metric terms which corresponds to the line element restriction on Minkowski space-time.
Isometry group generators and Killing vectors associated with dS 4,1
Using the metric tensor given from the squared line element
let us compute the connection Christoffel symbols of dS 4,1 :
where we changed the index notation: t → 0, ρ → 1, θ → 2 and φ → 3. Using the above symbols we can find the acceleration of moving particles, which follows immediately from the covariant derivatives. First we choose a moving frame {∂ t , ∂ ρ , ∂ θ , ∂ φ } and its respective dual frame {dt, dρ, dθ, dφ} over dS 4,1 space-time. We are now in a position to show the following expressions for the covariant derivative D:
Applying the covariant derivatives along the frame vectors we obtain the acceleration:
Since dS 4,1 is a maximally isotropic space-time, it admits a maximal number, ten, of Killing vectors, which can be obtained immediately from the following Killing equations:
where we introduced ω = ρ(1−ρ 2 /R 2 ) and the u µ (µ = 0, 1, 2, 3) evidently as the Killing vectors. It would be desirable to evaluate the Killing equations related to dS 4,1 . From the projective embedding presented in section 3 we see that the isometries of dS 4,1 can be obtained from the ones of E 4,1 . The generators of the isometry group of E 4,1 are given by 
Using the parametrization given by eqs. (15) we obtain explicitly all the isometry generators:
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Conclusions
From the projective splitting of the de Sitter space-time on Minkowski one we have expressed hyperbolical (de Sitter) coordinates in terms of orthogonal (Minkowski) ones. The choice of the Beltrami representation seems to be the best adapted to this formulation. We have constructed another metric concerning these embedded projective coordinates and our formalism retrieves the Schrödinger description of the static frame de Sitter metric, if we consider the linear metric terms of the line element restriction on Minkowski space-time. We have showed that such metric could be obtained from an appropriate parameterization of dS 4,1 , eq.(14). It would be desirable to obtain the equations of motion, from the Killing vectors explicitly evaluated, but it is not the purpose of the present work.
